Nucleosynthesis
Lecture 2: Thermonuclear reactions
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Overview

- Lecture 1: Introduction & overview April 18
- Lecture 2: Thermonuclear reactions April 25
- Lecture 3: Big-bang nucleosynthesis May 2
- Lecture 4: Thermonuclear reactions inside stars — | (H-burning) May 7
- Lecture 5: Thermonuclear reactions inside stars — Il (advanced burning) May 16
- Lecture 6: Neutron-capture and supernovae — | May 23
- Lecture 7: Neutron-capture and supernovae — Il June 6
« Lecture 8: Thermonuclear supernovae June 13
* Lecture 9: Li, Beand B July 4
 Lecture 10: Galactic chemical evolution and relation to astrobiology July 11

Paper presentations | June 21

Paper presentations i June 27



Why does the Sun shine?

Answer: the Sun shines because it is massive

However, it can shine for billions of years only if nuclear reactions take place in its interior

3k gf’\\ Solar luminosity:

61 F . Lo =3.9 x 10% ergss™*

B(ZN)/A MeV)

4h | Total rest-mass energy of the Sun

Moc? ~ 2 x 10°* ergs
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If the entire mass is converted to energy at present luminosity then

the Sun can keep on shining for
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8.3 -

Moc? /Lo ~ 1.6 x 10'° years

However, this is not realistic, since only a fraction of the mass can
be converted to energy.
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1 fusion is the most likely energy source

8.0 | l 1
0 o0 100 150 200 250

(b) Mass number A



Occurrence of nuclear reactions
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Coulomb barrier
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Square-well
radius

Blackboard

R

Classical turning peint

Characteristic length-scale of nuclear forces
Ry ~ A'Y/31.44fm
Reactions can occur “classically” when
Eparticle > V(Ro) >~ Z1Z3MeV
For the centre of the Sun:

Eparticle = kT ~ k10" K ~ 1keV < 1 MeV

Probability for “classical” interaction
exp(—1000) ~ 10—+

Reactions take place at relatively low
temperatures because of the “tunnelling effect
discovered by Gamow.

Allows penetration at radii larger than classical
capture radius.

Capture probability:
. E 212262
- 2 hE1/2

Py o< B~ exp(—2mn); 1

Probability for “quantum” interaction
PO =~ 10_20




Energetics of nuclear reactions

X+a—=>Y +5>b
Alternative notation: X (o, b)Y

: o @
Conservation of relativistic energy

Eox + (M, + Mx)c* = Eyy + (M + My )c?
Conservation of charge; nuclear masses can be replaced by atomic masses
Eox + (My + Mx/)c® = Eyy + (My + My)c?
Conservation of number of nuclei

Myc? = AMyc? = (My — A x 1amu)c?

Blackboard



Energetics of nuclear reactions

O
|

— EY/b/ —_— EOé/X/

(AMa/ + AM~xr — AMyr — AMb/)02

Exothermic reaction () > 0
Endothermic reaction @ <0

Binding energy: energy required to disassemble
the nucleus to its constituent neutrons and protons

B.E.

:[mpr—l—mnx(A—Z)—MX]c2

Blackboard

Table 1.1  Experimental values of the atomic mass excess (M.E), binding energy per nuc-
leon (B/A), and relative atomic mass (M) for light nuclides in the A < 20 mass region.

A Element M.E. (keV) B/A (keY) M ()
| n 8071.3171 0.0 1.0086649158
I 7288.970569 0.0 100782503223
2 H 13135.72174 1112.283 201410177812
3 H 11949 8061 2R827.266 3.0160492779
He 14931.2155 2572.681 3.0L60293201
= Ie 242491561 7073915 4,00260325413
6 Li 11086.8789 5332.331 6.0151228874
7 Li 14907.105 5606.439 7.016003437
Be 15769.00 5371.518 701692872
8 Li 20915.80 5159.712 8.02248625
Be 4941.67 7062.430 &,00530510
[} 221921.6 4717156 3.02964073
9 Li 24954.90 5037768 9.02679019
Be 1134845 6462.668 9.01218307
10 Be 12607.49 6497.630 10.01353470
B 12050.7 6173.07 10.0129369
11 Be 20177.17 5Y52.540 11.02166108
B 86679 6927.72 1 1.0093054
C 10650.3 6676.37 11.0111336
12 B 133694 6631.22 12.0143527
C 1.0 7hENO. 1M 120000005
13 B 16562.1 6496.41 13.0177802
C 312500875 7469 844 13.00335483507
N 5345.48 7238.863 13.00573861
11 C 3019.893 7520.319 14.00324.1 988
N 286341669 7475.614 14.00307400443
g) 8007 16 7052.301 14.00859636
15 = 9873.1 710017 15.0L05993
N 101.4387 706992460 150001088989
0 28535.6 7163.69 15.0030656
16 N S5683.9 7373.80 16.0061019
O 4737.00137 7976.206 15.99491461957
17 N 78700 7286.2 17.008449
(@) 308.7636 7700728 16.9991317565
13 1951.70 7542328 17.00209524
18 N 13113.0 7038.6 18.014078
0 782.8156 7767.097 17.9991596129
13 8731 7631.638 18.0009373
19 Q 33329 756A.19 19.0035780
F —1487.1143 7779.018 18.9981031627
Ne 752.05 7567342 19.00188091
20 13 17.463 7720134 19.99998125
Ne 7041.9306 8032.240 19.9924401762
Na GHH)G 7298.50 2000073584

llliadis (2015); Wang et al. (2012)



Rate of nuclear reactions

X(a, B)Y

o : o* o.o X X
.O:..:?Z X § X
Xy X
e ol = X X X
* e o > x o, X
o.o o.. :.o. > X X X

e« °°° X X X
ee o°° X
o ... ..o.o X X X
o ., :oo X X X
oo.o...o. X X

number of reactions/target nucleus/unit time

Cross section = — , . —
number of incident particles/unit area/unit time

e The cross section, o of a reaction, as defined here, has units of area, and can be thought of as the
area around a nucleus X, over which an incoming particle can be captured (although this picture is
not accurate).

e 0 can vary with velocity, i.e. energy

o number of reactions , ,
From definition: ——— , = cross section X velocity X NoNx = 7ox = 0ax (V) UN,Nx
unit time unit volume




Rate of nuclear reactions

strong force: BN(p,a)'?C o~05b at E,=2MeV
el. mag. force: °He(a,7)'Be o~10"%b at E, =2 MeV
weak force: p(p,etv)D oc~1072b at E, =2 MeV



Thermal equilibrium

Give each person in a group 1000€ and let them exchange freely. The total amount of money is
conserved

exp(—money /1000 EUR)

Number of People

i ‘ "mmlmmm.m._,__ _ _

T e
0 1000 2000 3000 4000 5000 6000 7000 8000
Amound of Money



Rate of nuclear reactions

In a mixture of gases in thermal equilibrium, there exists a spectrum of relative velocities between
the particles of type a and X, just as a and X individually have well defined velocity spectra

rax = NoNx /OO vo(v)g(v)dv = Ny Nx (ov) with /gb(v)dv =1
0

More generally, Tax = (1 + dax) Ny Nx {(ov)
so the entire problem reduces to determining <ov>

Nuclei inside stars, with the exception of neutron stars, are always non-degenerate, therefore the
spectrum of relative velocities follows the Maxwell-Boltzmann distribution

3/2 [0 2
ox = (14 6,x) "NyNx4 ( a ) / 3 _
TaX ( + X) X AT O kT 0 v J(v)exp 2T dv

Lifetime of nucleus X

(%) =25

Combined with the definition for the nuclear reaction rate, it follows that

N 1 1
To(X) = (1 + 5)_1r ); = ((ov)N4) ™" for multiple reactions involving X: 7(X) = Z 7+ (X)

Blackboard



Rate of nuclear reactions

Evaluation of the integral
. no\3/2 [ 1102
rax = (1 +0ax) NaNsz( ) vio(v)exp | — 5 | dv
0

2wkl 2T

Step 1: Evaluate o(v)

Depends on quantum interactions, coulomb barrier, nuclear properties...impossible to evaluate
analytically, but we can do some tricks

o(v) = Penetration Probability x Size (De Broglie) x Nuclear Properties x constant factor

L J L J L J
2
exp (— QWZ%UZQQ ) % Astrophysical Factor := S(F)

. e. we can “hide” all unknown nuclear terms and constants inside S(E)
o(E) = S(E)E™ " exp(—bE~"/?);b = 31.287, Z, A/

The energy difference between nuclear states is usually larger than the energy range of nuclear reactions
Inside stars.

This means that in many cases S(E) is a slowly varying function of energy and can be fixed to a
constant when evaluating astrophysical rates



Rate of nuclear reactions

Evaluation of the integral

FaX = (1 + 5aX)_1NaNx47T(

2wkl

3/2 o0 2
> /0 v2o(v) exp (—%) dv

Step 1: Evaluate o(v)

o (v) can vary by many orders of magnitude
over a relatively narrow energy range

Figure by CLAYTON
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Rate of nuclear reactions

Often S(E) is measured only at high energies in the lab and extrapolated down to astrophysical
energies. Only recently direct measurements at low energies are becoming possible (still for a
limited number of reactions)

D(p,v)*He astrophysical factor

10 _—
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Griffiths (1963) —s7—
Warren (1963)
Bailey (1970) 4
schmid (1997) —o—
Ma (1997) + @
Casella (2002) v
Bystritsky (2008) &
Marcuccl (2016) ——
F
>
Q,
_§ 1
O
N
o
Y SUN
0.1
1 10 100 1000

E [keV]



Rate of nuclear reactions

Evaluation of the integral

3/2 [° pv?
ax = (14 ax) " NoNxdr (1) / 3 -
rax = (1 4+ dax) xAm (o 0 v@o(v) exp dv

Step 2: Replace o(v) ;v — E

--------------------------------------------------------------------------------------------------------------------------------------

N, Ny w320 8\ 1 /OO E »
aX — 4 ( > |l — S(E ——— —bFE /3 dE :
TeX T T Sax | \27kT <,u77> (kT)3/2 [, (E) exp kT

--------------------------------------------------------------------------------------------------------------------------------------

J = / exp(—E/kT — bE~Y?)dE
0

The integrand is significant only around a small range of energies AE around maximum, f(E)’=0

Ey = (0.5bkT)%/% = [(ﬁ)mﬂ

ZleerT] 2/3
2

h



Rate of nuclear reactions

The Gamow Peak

12 7, Z.e2kT 1?3
Eo = (0.5bkT)2/3 = [(g) St ’“he ]

1 10 £Gp 100 1000

Center-of-mass energy (keV)



Rate of nuclear reactions

Evaluation of the integral
—1 K 3/2 [ 3 ,zw2
rax = (14 0ax)  NoNxdm ( > v@o(v)exp | — dv
0

2kT 2kT

Step 4 (final!): Approximate Gamow peak with a Gaussian

T = 35—;; f(E) = fo+ fo(E— Ey) +05f)(E/Eg)* +...= -1 —0257(E/Eg — 1)° + ...
5 — (E/EO _ 1)\/?/2 = J ~ %TT1/26_T /OO e_gg’id€

J ~ ngwl/2Tl/2e_T

N2 1
“ /2 _—T
<u) (hT)i2 0T

(ov) ~ g

2.62 x 10*?(As + Ax) 5 XoXx
Tax =
X (1 + 5C¥X)ZCEZX P (AaAX)2

Z27% AgAx H/3
)

keV barn)re”;r = 42.4
So(keV barn)r=e";r 8(T/(106K)(AQ+AX




Rate of nuclear reactions

Z27% A Ax H/3
)

2.62 x 10*2(Ay + Ax) 5 XoXx )
~ k Tir =424
5S0(keV barn)re"; r 8(T/(106K)(AQ—I—AX

FaX = (14 dax)Za’Zx P (AnAx)

Some Important properties

Rates drop enormously with increasing

4 H
Effective width of Gamow peak: A = E(EOkT)l/ 2 Coulomb-barrier

(T=15-10"K) A2 ATy
pP+p 32keV 7.0 -107° keV
. p + 1IN 68 keV 2.5.10726 keV
Hight of Gamow peak: Inax = exp(—3Ey/kT) o+ 120 08 keV 59 .10 5 keV
150 + 160 20.2 keV 2.5 . 10727 keV
- tre d q ¢ nucl " (ov) = (o) T\" Jln{ov) 71 2
ov) = (ov —_— — —
emperature depenaence oOfr nuciear reactions 0 TO , 81nT 3 3
(T=15-10"K) | (ov) ~ Ec
pP+p T3 0.55 MeV
p+ N T20 2.27 MeV
a+ 12C T42 3.43 MeV
160 4+ 160 T182 | 14.07 MeV

- the thermonuclear reaction rate is one of the most strongly varying function treated in physics!

- need of efficient thermostat for regulation
- burning stages in stars are well separated, only few elements interact at a given time



Rate of nuclear reactions

Errors introduced from assumptions

1. Sy is not constant; a more accurate treatment would be to assume that it’s slowly changing
around Gamow peak

D
Fix: error is reduced by replacing So = S(Ey) — S(Eo + ng)

2. Error introduced by replacing area with a gaussian function: correction factor depends on 1, F'(7)

3. Interaction potential is not a pure two-body central potential. Most important modification comes
from electron shielding which can lower the effective potential and increase the rate. For reactions
inside stars, free electrons cluster around nuclei is spherical shells with radius equal to Debye-
Huckel radius

kT 1/2 Xi
= th ¢ = 7% + 7,)—
Bp (47‘(‘62,0NAC:> with ¢ zz:( P )Ai

Important for low temperatures and high densities!

see CLAYTON for details



Rate of nuclear reactions

4. Nuclear resonances can introduce strong local maxima that dominate in the reaction rate.
Some resonances are predicted by theory (e.g. nuclear-shell model) while others are inferred

experimentally, but some are not known! )/4
.
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" Rate of nuclear reactions

10

o
~

S-factor[MeV barn]

5,

Bair and Haas 1973

Kello
Drotle

Harriso

Trippella and La Cognata 2017

et al. 1983
pulos et al. 2005
Heil et al. 2008

Heil et al. res

Heiletal. mores - - - -

Guo et al. res

Guoetal. nores - -

etal. 1989 v

Pellegritiet al. ——

20

15

S-factor [MeV barn]
=)

0.2 04 06 08 1
E[MeV]
3 3 4 Bonetti et al. .
He(°He, 2p)“He Krauss 4
Dwarakanath =
R bare nuclei - - - -
shielded nuclei

20
E [keV]

60 80

100

Oy [Barn]

107

10

10

10°'°

107"

12

Robertson @t . [1981] data
Motraiad. [1904) data  ©

Kiener ot o [1991], uppar imis >

Cadl et of. (1996, uppar imis >

Harmadhe et al 10

UN

LUNA 2017

10°

%

..
o—.

Ny <o v [/ Ny <0 V> cap B 2o1a
=y

q

%

SONTAES e e RS W S - Broggini, C. et al. Prog.Part.Nucl.Phys. 98 (2018) 55-84 arXiv:1707.07952

E MeV]

0.03


http://inspirehep.net/record/1611559?ln=en
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Energy generation rate

Once all reaction rates are known, the abundance changes due to nuclear burning can be calculated

At — 4 0 (_ E T'reactions that destroy ¢ =+ E T'reactions that create z)

Energy generation rate:

QaX X XX

CaX — m2 A AX < >ozX—€OX XX/OTV




Summary

Take Home Message

1. Thermonuclear fusion generates energy at high temperatures, providing an efficient
energy source for the Sun and converting light elements to heavier (up to iron)
Reactions only possible due to QM tunnelling

Cross-section of a reaction depends on the nature of the interaction

Astrophysical factor often constant within energy range relevant to stars

Rates depend strongly on Coulomb barrier, extremely temperature-dependent
Burning stages inside stars are well separated in temperature

Rate modified by electron cloud, nuclear resonances

© N O O » Wb

Resonances not often known



Extra Slides



The nuclear shell model

Inspired by atomic model in which the Schrodinger equation is solved in a spherically-symmetric
coulomb potential, yielding discrete electron orbits (shells) characterised by certain quantum
numbers for the energy (n), angular momentum (I) and spin (s).

Rules for building up the shells follow from Pauli’s exclusion principle for fermions: no more than two
electrons can occupy a given (n,l) state.

For nucleus, there are several complications: two types of particles (neutrons, protons),
nature of the interaction is not known, interacting particles closely packed...

Nuclear shell model: Assume that each nucleon moves in a static potential

Usual assumption: Empirical Wood-Saxon central potential + strong spin-orbit coupling term (non-EM)
V(r) = —Vo/[1+exp|(r — R)/a]] + V(I x 3)

Solving the Schrodinger equation in 3D yields the allowed wave functions and energy levels for each
nucleon



The nuclear shell model

Properties of the solution
Each nucleon is characterised by an energy level n(>0), an angular momentum I(>0), a spin s, and

total angular momentum j
These combine via j-j coupling to form the total spin of the nucleus, I.

Parity
[1= =
Energy splitting proportional to (I’ §) = 0.5(21 + 1)
Shells are filled according to Pauli’s exclusion principle, for each nucleon type
[=1,2,3,4,5...:s,p,d, f,qg...
j=101=%s

Number of identical particles that can occupy a state: 2j+1



Nuclear shell model =0

Lo d€=2) 5 1011
] N=6_ il gle=4) - 5 2;; op + M8
Important Properties e if=8) .o 138
. i . 2 3p 12
Nuclei with filled major shells of protons or Ao S s T L
neutrons (or both), exhibit an energetically ves o te=my T e o e
favourable configuration 3 R e e - 10
hi{¢=5 — -
. . . . A \"‘\__ 4 2d 32
Magic Numbers: masses, particle separation, s (£ =0) > a1+ B
. 12 e ¥ 1
energies, quadrupole moments Inca (6 =2) o e o D
* ¢ = 4) - 6 2d 572 + 56
. . . g =
Nuclei with completely filled sub shells have 1=0, 0 da o
MN=1 e 2 212 @
per=1) ..--- 6 152 .
_ _ N=8 ..o et 4 2paR
For a single nucleon outside a closed shell, 1 e fE=8) *
ground-state spin and parity are determined by the X a8 2 o
lowest-energy state available to the nucleon s tase |
Same holds for a single “hole” in a sub-shell Na2 .8e=0 T 2 s T
3 L. dE=2
_ _ _ 6 1d 572 + 14
Partially-filled shells are more complicated. S
Experimentally, the ground states of doubly even
nuclei have J=0, l1=1 lver Dlfat) 2 M2
Pt — %3 .. 4 _1ps2 ¢
Energetically favourable for pairs of p,n to couple s
to J=0
11N=0 -----_-----S(f—ZO) __________ 2 1s 1/2 + m
Predictions of model, not always correct
Harmonic oscillator =N, N-2.. £s N;=2j+1 n&j m={-1)" IN,
(a) (b) (c) (d) (e) (g

For further reading: CLAYTON; ILIADIS



Reactions in statistical equilibrium

At very high temperatures (>5€9 K) nuclear statistical equilibrium (NSE) is achieved, i.e. the rates of
all strong and electroweak reactions are exactly balanced by their reverse reactions, d.X; /dt = 0

a+X —<b+Y

In NSE abundances are determined by a “nuclear Saha equation” which depends only on nuclear
properties, the temperature T and the density p

12 xp kT

where A; is the atomic number, Z; is the charge, T is the temperature, p is
the mass density, N4 is the Avogadro number, G(A, Z,T) is the temperature-
dependent partition function, M (A;, Z;) is the mass of the nucleus, B(A4;, Z;)
is the binding energy and u(A;, Z;) is the chemical potential

w(Ai, Z;) = Ziptp + Nipn, = Zipp + (As — Zi) piny

Considering conservation of baryon number, and conservation of charge
7 ;
Xi = 1, Ye = s X,L
> >3

With the above, each triplet (T, p, Y.) yields a unique solution for (X, tp, fir)

see public code: http://cococubed.asu.edu/code_pages/nse.shtml by F. Timmes and references therein



http://cococubed.asu.edu/code_pages/nse.shtml

" Reactions in statistical equilibrium

NSE Distributions at p=1e7 g cm™ Y _=0.5 NSE Distributions at T=3.5¢9 K p=1e7 g cm
L T T T I —
10° N ‘He 10° L | ! | _
E ) ssNi 54 SGFe E
i - “Fe .
- | 58, .. —
g 5 Ni **Cr
3] i © -
e 2
(VR L
@ 107 | =
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i | \' _
n \ _
| /\
- | ‘ | \|l | -
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102 | . dy 1072 o RN A R T A
4 6 8 10 12 5 .48 46 44
Temperature (x10° K) Y,

see public code: http://cococubed.asu.edu/code_pages/nse.shitml by F. Timmes and references therein
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http://cococubed.asu.edu/code_pages/nse.shtml

